Abstract-Single-track vehicles, such as motorcycles, provide an agile mobile platform. Modeling and control of motorcycles for agile maneuvers, such as those by professional racing riders, are challenging due to motorcycle's unstable platform and complex tire/road interaction. As a first step attempting to understand how racing riders drive a motorcycle, this twopart paper presents a modeling and tracking control design of an autonomous motorcycle. In this first-part paper, we discuss a new dynamics model for the autonomous motorcycle. We consider the existence of lateral sliding velocity at each wheel contact point. Because of the importance of the tire/road interaction for vehicle stability and maneuverability, the dynamic modeling scheme also includes the motorcycle tire models. The new nonlinear dynamic models are used for control systems design in the companion paper.
NOMENCLATURE

X, Y, Z
A ground-fixed coordinate system.
x, y, z
A wheel-base line moving coordinate system. x w , y w , z w A front wheel plane coordinate system. x B , y B , z B A rear frame body coordinate system. C 1 , C 2 Front and rear wheel/ground contact points. Wheel angular velocities of the front and rear wheels, respectively. v G Velocity vector of the motorcycle frame (with rear wheel set). λ i , γ i (Front and rear) tire slip ratio and angle, respectively, i = f, r. ϕ, ψ
Rear frame roll and yaw angles, respectively. ϕ f Front steering wheel plane camber angle.
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I. INTRODUCTION
Single-track vehicles such as motorcycles and bicycles have high maneuverability and strong off-road capabilities. In environments such as deserts, forests, and mountains, mobility of single-track vehicles significantly outperforms that of double-track vehicles. The recent demonstration of the Blue Team's autonomous motorcycle ( Fig. 1(a) ) in the 2005 DARPA Grand Challenge competition has shown an example of the high-agility of the single-track platform [1] .
Although the extensive study of the motorcycle dynamics have revealed some knowledge of motorcycle platform under steady motions, modeling and control of motorcycles for agile maneuvers, such as those by professional racing riders, still remains a challenging task due to motorcycle's intrinsic unstable platform and complex tire/road interaction. Professional motorcycle riders can leverage the safety limits of the tire/road interaction, and maintain the vehicles at high performance while preserving safety. Understanding how human drivers carry out these maneuvers not only advances our knowledge in vehicle dynamics and control, but also can be used for enhancing vehicle safety, such as designing new driver assistance systems.
As a first step towards to to understand such highperformance capabilities of the human drivers, and then design human-inspired control algorithms for agile maneuvers, the objective of this two-part paper is to develop a new modeling and control scheme for an autonomous motorcycle. There is a large body of work that studies motorcycle stability and dynamics, and readers can refer to two recent review papers [2] , [3] . The modeling work can be considered as two groups [2] : a simple inverted pendulum model and a multi-body dynamic model. For example, some simple second-order dynamic models are presented in [4] to study the balance stability of a bicycle. Several researchers have studied the motorcycle dynamics using multi-body dynamics [5] - [8] . Multi-body dynamics models are not suitable for the control system design due to their complexity while a inverted-pendulum model overly simplify the problem and does not capture all of the dynamics and geometric characteristics. In [9] , [10] , mathematical models of a motorcycle are discussed using (constrained) Lagrange's equations. In [11] , experimental study of the motorcycle handling is compared with the mathematical dynamics model of a motorcycle with the rider. Stability and steering characteristics of a motorcycle are typically discussed using a linearization approach with a consideration of a constant velocity [2] , [3] , [5] , [12] - [15] . The concept of an autonomous bicycle without a rider has been proposed by several researchers [1] , [10] , [16] - [19] . In this two-part paper, we extend the modeling and control design in [10] , [18] . Comparing with existing study on the motorcycle dynamics and control, the main contribution of this study is the new modeling and control system design with integrated motorcycle dynamics with tire/road interaction. First, we do not enforce a zero lateral velocity nonholonomic constraint for the wheel contact points of the motorcycle system. Such nonholonomic constraints are not realistic for high-fidelity vehicle modeling [3] . Second, we explicitly consider the tire/road interaction for designing control algorithms because of the importance of the tire/road interaction on motorcycle dynamics [20] . To our knowledge, there is no study that explicitly considers such kinds of tire dynamics into the motorcycle control system design. Based on the new dynamics, in our companion paper [21] , we extend the control system design in [10] , [18] for trajectory following maneuvers.
The remainder of the paper is organized as follows. In Section II, we discuss dynamic modeling of a riderless motorcycle. In Section III, we present a motorcycle tire dynamics model and then integrate the tire dynamics with the motorcycle dynamics. Finally, we conclude the paper in Section IV. Fig. 1(b) shows the Rutgers autonomous motorcycle prototype. The motorcycle is rear-wheel driving. Steering and velocity control are considered as control inputs for the riderless autonomous motorcycle. We do not consider the weight shifting as one actuation mechanism as human drivers because the Blue Team motorcycle has previously demonstrated an effective maneuverability only through vehicle steering and velocity control [1] .
II. MOTORCYCLE DYNAMICS
A. Geometry and kinematics relationships
The riderless motorcycle is considered as as a two-part platform: a rear frame and a steering mechanism. Fig. 2 (a) shows a schematic of the vehicle. We assume that: (1) the wheel/ground is a point contact and thickness and geometry of the tire are neglected; (2) the motorcycle body frame is considered a point mass; and (3) the motorcycle moves on a flat plane and no vertical motion.
As illustrated in Fig. 2 (a), three coordinate systems are used: the navigation frame N (X, Y, Z-axis fixed on the ground), the wheel base moving frame (x, y, z-axis fixed along line C 1 C 2 ), and the rear body frame B (x B , y B , z Baxis fixed on the rear frame). For the frame B, we use (3-1-2) Euler angles and represent the motion by the yaw angle ψ and roll angle ϕ. We denote the unit vector sets for the three coordinate systems as (I, J , K), (i, j, k), and (i B , j B , k B ), respectively. It is straightforward to obtain that ⎡
where c x := cos x, s x := sin x for angle x. We consider the trajectory of the rear wheel contact point C 2 , denoted by its coordinates (X, Y ) in N , as the motorcycle position. The orientation of the coordinate systems and the positive directions for angles and velocities follow the conversion of the SAE standard. Let O r denote the instantaneous rotation center and O r denote the neutral instantaneous rotation center which is the intersection point of the perpendicular lines of the front and rear wheel planes; see Fig. 2 . Under the neutral turning condition [7] , the slip angles of the front and rear wheels are the same, that is, λ f = λ r , and then the rotation center angles for O r and O r are equal to the kinematic steering angle φ g , namely, α = α = φ g . Let R denote the instantaneous radius of the trajectory of point C 2 under neutral turning conditions. We define σ as the kinematic steering variable as
From the geometry of the front wheel steering mechanism [7] , we find the relationship tan φ g c ϕ = tan φ c ξ . If we assume a small roll and steering angles, then we obtain an approximationσ c ϕ =φ c ξ .
The motion of the motorcycle on the XY plane can be captured by the generalized coordinates (X, Y, ψ, ϕ, σ). Note
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that the use of variable σ is to capture the steering impact on the motorcycle dynamics. The nonholonomic constraint of the rear wheel and the motion trajectory geometry imply the yaw kinematics equality T and fiber velocitiesṡ =ψ. We then write the constraints in (4) simply aṡ
where A(r, s) = 0 − σ l 0 0 . Due to the steering mechanism and caster angle, the height change Δh G of the center of gravity G due to the steering action can be calculated as
s ϕ , where we use a small angle approximation σ ≈ φ g from the relationship (2) [18] .
Remark 1: In [10] , [22] , the steering axis is assumed to be vertical. This assumption simplifies the motorcycle dynamics and neglects a significant geometric stabilization mechanism, which is the "motorcycle trail" (denoted as l t in Fig. 2(a) ) discussed in [4] , [7] , [12] , [13] . The resulting model of the motorcycle dynamics cannot capture the influence of the steering angle φ on the roll dynamics when v rx = 0. Namely, we cannot use steering to stabilize the motorcycle. Such an observation is also pointed out in [2] .
Given the roll angle ϕ and the steering angle φ, the camber angle of the front wheel can be approximated as [7] ϕ f = ϕ + φ s ξ .
We consider the relationship between velocities of the rear wheel contact point C 2 and the front wheel center O 1 . From the position relationship r O1 = r C2 + ρ C2O1 , we obtain
B. Motorcycle dynamics
We use the constrained Lagrangian method in [23] to obtain the dynamics equation of the motion. The Lagrangian L of the motorcycle is calculated as
We obtain the mass center velocity as
Plugging the above equations and (3)- (5) into (8), we obtain
Incorporating the constraints (5), we obtain the constrained Lagrangian L c as
The moment M s on the rotating axis is obtained as
The equations of motion using the constrained Lagrangian are obtained as [23 
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where τ i are the external forces/torques, A k i is the element of connection A(r, s) at the kth row and ith column, and C l ij denote the components of the curvature of A(r, s) [23] . From state variable σ, from (12), we obtain the steering dynamics as
Considering a position feedback control of the steering angle directly, we can reduce the dynamic equation (13) by a kinematic steering system aṡ
where the input ω σ is considered as the virtual steering velocity and given by dynamic extensioṅ
Similarly, we obtain the roll dynamics equation
longitudinal dynamics equation
and lateral dynamics equation
Letq := [φ v rx v ry ] T denote the generalized velocity of the motorcycle and we rewrite the above dynamics equations (15)- (17) in a compact matrix form as
where matrices
and
In the above matrix B m ,
It is clear that the control inputs in (14) and (18) are the virtual steering velocity ω σ and the wheel traction/braking forces F f and F r .
III. TIRE DYNAMICS MODELS In this section, we discuss how to capture the motorcycle tire/road interaction. We particularly like to present a friction forces modeling scheme for motorcycle dynamics (18) . Fig. 3 illustrates the kinematics of the tire/road contact. Let v c = v cx i + v cy j + v cz k and v o = v ox i + v oy j + v oz k denote the velocities of the contact point and the wheel center in the frame B, respectively. We define the longitudinal slip ratio λ s and lateral side slip ratio λ γ , respectively, as
A. Tire kinematics relationships
where ω w is the wheel angular velocity and γ is the side slip angle. For the front wheel, the camber angle is different (6) , and the velocity relationship between C 1 and the wheel center O 1 in B is then
Using the relationship (7) and (6), we simplify the above velocity calculation and obtain
From the side slip ratio (19) of the rear wheel, we have
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where
; see Fig. 2 . We also use relationships (3) and (4) in the last step above. Moreover, from (2) and the geometry and kinematics of the front wheel (Fig. 2) , we have
Therefore, we obtain the relationship between the front and rear wheel side slip ratios as follows.
Similarly, we obtain the slip ratio calculation of the front wheel. We first obtain the longitudinal velocity of C 1 as
Therefore, by the definition (19), we obtain the front wheel longitudinal slip ratio 
B. Modeling of frictional forces
The tire/road frictional forces depend on many factors, such as slip and slip angles, vehicle velocity, normal load, and tire and road conditions, etc. It is widely accepted that the pseudo-static relationships, namely, the mathematical models of the longitudinal force F x and slip λ, and the lateral force F y and slip angle γ, are the most useful characteristics to capture the tire/road interaction. We propose to approximate the friction forces by a piecewise linear relationship shown in Fig. 4 . Let F (x) denote the frictional force as a function of independent variable x. The piecewise linear function F (x) captures the property of the tire/road forces: when 0 ≤ x ≤ x m , F (x) = kx, and when x m < x ≤ x max , F = (1−αx)Fm xm−xmax (x − x m ) + F m , where 0 ≤ α x ≤ 1 is a constant that denotes the fraction of the force at x max of the maximum force F m . We can write the force F (x) as follows.
With the force model (25), we can write the longitudinal force as
where the function sign(x) = 1 for x ≥ 0 and −1 otherwise is used to capture both positive (braking) and negative (traction) forces for F x (λ s ). For the lateral force, due to the large camber angle of the motorcycle tires, we have
where we define the equivalent side slip ratio The values of the longitudinal, corning, and cambering coefficients, k λ , k γ , k ϕ , depend on the normal load F z . Due to the acceleration and deceleration, the normal load F z is changing during motion. For front and rear wheels, the normal loads F fz and F rz are obtained respectively as
wherev Gx is the longitudinal acceleration of the motorcycle at the mass center G. The relationship betweenv Gx and the acceleration of point C 2 is obtained aṡ
C. Combined tire and motorcycle dynamics models
We combine the motorcycle dynamics (14) and (18) with the tire dynamics. The controlled input variables are the front and rear wheel angular velocities, namely, ω f and ω r , respectively, and the steering angle φ. Note that the driving wheel is the rear wheel and we can only apply braking for the front wheel, namely, F fx ≥ 0. For the control system ThB12.4 design, we consider the pseudo-static friction models (26) and (27), and therefore we write the longitudinal at the front and rear wheels as
and lateral forces
where (30) into (18) and using the relationship (23), we obtain M(q, σ)q = K(q, q, σ) + Bu,
where input u := ω σ u T λ T , u λ = λ fs λ rs T , matrix 
IV. CONCLUSION
In this paper, we presented a new nonlinear dynamic model for autonomous motorcycles. The proposed model is obtained through a constrained Lagrange modeling approach. The new features of the proposed motorcycle dynamics are twofold: First, we relaxed the assumption of zero-lateralvelocity constraints at tire contact points and thus the model can be used for the agile maneuvers when wheels run with large longitudinal slips and lateral side slips. Second, we considered the motorcycle tire models and extended previously developed motorcycle dynamics. The control inputs for the proposed motorcycle dynamics are the front wheel steering angle and the angular velocities for the front and rear wheels.
Currently, we plan to extend the motorcycle dynamics models in two directions. First, we will relax the neutral driving approximation and present a general yaw dynamics model. Second, a coupled longitudinal and lateral motorcycle tire dynamics will be developed to capture the coupled friction characteristics.
